New 10.2 Notes

The last section was based on using a geometric series to create an approximation
for a curve that would be accurate given an interval of convergence.

Before we get fancy, here is another way to create a power series.

Use long division.

6 + 6x + 6x% +

1-x )6

This creates y = 6 + 6x + 6x2 + 6x3 + --- + 6x™

Using the Geometric method where r = x and a; = 6, you get the same thing.



We are now going to create a series based on the derivatives of the function and
centered around a given value of x.

What if y''(0) = 6,"(0) = 16,'(0) = 7& y(0) = —2?

jy”’dx=j6dx=6x+€
y"(0)=6x+C 16=6(0)+C 16=C y"(x)=6x+ 16
j(6x +16)dx = 3x® + 16x + C

y'(0) =3x2+16x+C y'(0)=7=3x*+16x+C C=7

y'(0) = 3x%2+16x+7
j(3x2+16x+7)dx=x3+8x2+7x+C

y(0)=x3+8x*+7x+C=-2
y=x>+8x*+7x—2
Let’s check it to see if it works.
y=x3+8x>+7x—-2 y(0)=-2
y' =3x%+16x+7 y'(0) =7
y'"=6x+16 y'"(0) =16

ylll — 6 y”,(O) — 6
Is there a way to just go straight to the function given the derivatives?

-2 7x 16x? 6x3_ .
ﬁ-l_?-l_ ol +?——2+7x+8x + x

This is called a Taylor Polynomial of order three at x = 0.



The official formula for the Taylor Polynomial of order n centered at x =0 is :

P(x)—f(0)+f(0)X+f"(0) +f”’(0) +f"”(0)—+ f(”)(O)—+--

If the Taylor Polynomial is centered at x = a, it looks like this:

P.GO) = £(@) + [/ (@)(x — @) + (@) 2 4 £ (a) S 4 17 (0) S g f 0 () S 4

Try y = e*centered at x = 0.

y = y(0) =1
y'=e* y'(0)=1
y'=e* y"(0)=1
y'"=e* y"(0)=1
y'"=e* y"(0) =1

Fu(x) = f(0) + £ (0)x+f"(0) +f"'(0) +f""(0)
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X
PX)=14+x+—+—+—+—+ -
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Try y = sinx centered at x = 0.
y = sinx y(0)=0
y' = cosx y'(0)=1
y" =-sinx y"(0)=0
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ynr = —CcoSX yul(o) — _

yllll — Sinx yIIII(O) — 0

P(x)—f(0)+f(0)x+f”(0) +f”’(0) +f””(0) + f(")(O)—+---

xZ x3 x4 ( 1)Tl 2n+1
Pn(X)=0+X+0<?>+(—1)§+(0)Z m+
3 —-1)" 2n+1 n 2n+1
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Try y = cosx centered at x = 0.
Yy = coSx y(0)=1

y'=—-sinx y'(0)=0

y"

= —cosx y"(0)=-—



y" =sinx y"(0)=0

nrr

y'"" =cosx y""(0)=1

P(x)—f(0)+f(0)x+f”(0) +f”’(0) +f””(0) + f(")(O)—+---

xZ x3 x4- ( 1)Tl 2n
Pn(X) =1+ (O)X - ? + (0)5 + (1); 2!
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n:

Could you derive the cosine function by using the sine function?



